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THE GRAETZ PROBLEM IN COCURRENT-FLOW, 
DOUBLE-PIPE, HEAT EXCHANGERS 

by 

Ralph P. Stein 

ABSTRACT 

It is shown that the Graetz Problem pertaining to the 
cocurrent-flow, double-pipe, heat exchanger can be studied 
analytically by extensions of familiar mathematical tech­
niques. These techniques a re used to derive a formal ana­
lytical solution of the problem, and numerical resul ts a re 
obtained. The resul ts demonstrate the following; (1) Fully 
developed, laminar-flow, heat transfer ("film") coefficients 
in cocurrent-flow, double-pipe, heat exchangers depend upon 
the operating conditions of the exchanger, and their values 
can be significantly less than the value corresponding to the 
boundary condition of unifornn wall temperature. (2) Use of 
customary design equation applied to laminar-flow heat ex­
changers can resul t in large e r r o r s even when the heat 
transfer is fully developed, and these e r r o r s will be largest 
when actual, fully developed, heat transfer coefficients a re 
used. 

I. INTRODUCTION 

Analytical investigations of steady-state heat exchange between a 
fluid in fully developed laminar flow and the walls of the duct through which 
it flows constitute one of the most frequently occurring types of study pub­
lished in the heat- t ransfer l i terature . Since Graetz, in 1885, appears to 
have been the first to publish such an investigation, the general category 
of these studies is referred to as "Graetz Problems." The classical Graetz 
Problem considers fully developed laminar flow through a uniform-
temperature duct of circular c ross section. Heat conduction within the 
fluid in the direction of flow, and heat generation resulting from viscous 
dissipation, a re assumed to be negligible. 

Many extensions of the classical Graetz Problem have appeared in the lit­
e ra ture since Graetz ' s paper.(^) The extensions include (l) replacing the uni­
form duct- temperature boundary condition with a uniform heat flux at the duct 
walls; (2) removing the assumptions of negligible axial-fluid heat conduction and 



v i s c o u s d i s s i p a t i o n ; (3) r e p l a c i n g flow t h r o u g h a c i r c u l a r duc t wi th flow 
t h r o u g h a duct wi th a c r o s s s e c t i o n a p p r o x i m a t e d by the s p a c e b e t w e e n i n ­
f ini te ly wide , p a r a l l e l p l a n e s ; (4) i l l u s t r a t i o n s of the u s e of D u h a m e l ' s 
t h e o r e m and s u p e r p o s i t i o n to g e n e r a t e so lu t ions for n o n u n i f o r m t e m p e r a ­
t u r e and h e a t - f l u x bounda ry cond i t i ons in v a r i o u s c o m b i n a t i o n s . One of the 
m o s t r e c e n t of t h e s e e x t e n s i o n s is that of L u n d b e r g £ t al.^ ' who s tud ied 
flow th rough annu la r s p a c e s of v a r i o u s d i a m e t e r r a t i o s wi th a l l p o s s i b l e 
c o m b i n a t i o n s of speci f ied t e m p e r a t u r e and h e a t - f l u x b o u n d a r y c o n d i t i o n s . 

The "fully deve loped , t u r b u l e n t - f l o w " G r a e t z P r o b l e m h a s r e c e i v e d 
c o n s i d e r a b l e a t t en t ion , a s wel l a s the "nonfully deve loped flow" c a s e . Ducts 
with " t w o - d i m e n s i o n a l " c r o s s s e c t i o n s have a l s o been s tud ied . 

With one excep t ion , a l l of t h e s e e x t e n s i o n s c o n s i d e r b o u n d a r y con­
d i t ions of speci f ied duct wal l t e m p e r a t u r e or hea t flux. The excep t ion i s 
the s o m e w h a t m o r e g e n e r a l condi t ion of specifying tha t the wal l t e m p e r a ­
t u r e i s p r o p o r t i o n a l to the hea t flux a t the wal l , and w a s u s e d by Schenk 
and B e c k e r s ( ° ) to a p p r o x i m a t e the c a s e of hea t t r a n s f e r f r o m the fluid 
t h rough the duct wa l l to a u n i f o r m t e m p e r a t u r e e n v i r o n m e n t . F r o m a p r a c ­
t i c a l point of view, the spec i f ied w a l l - t e m p e r a t u r e b o u n d a r y condi t ion is 
the l e a s t i m p o r t a n t , s i nce i t s u s e a s a r e p r e s e n t a t i o n of an a c t u a l condi t ion 
in a duct i s a p p l i c a b l e only for c e r t a i n s p e c i a l l i m i t i n g c a s e s . B o u n d a r y 
condi t ions that specify hea t f luxes apply m o r e d i r e c t l y to m a n y a c t u a l s i tu ­
a t i ons - e .g . , in coo lan t p a s s a g e s of n u c l e a r r e a c t o r s . But wha t about the 
cond i t ions that would apply to d o u b l e - p i p e h e a t e x c h a n g e r s ? E x c e p t p e r ­
haps for c e r t a i n spec i a l c i r c u m s t a n c e s , none of the t h r e e t y p e s of boundary 
condi t ions men t ioned above would be t ru ly a p p l i c a b l e . 

In view of the p r a c t i c a l i m p o r t a n c e of hea t e x c h a n g e r s in g e n e r a l , 
it i s p e r h a p s s u r p r i s i n g that i n v e s t i g a t i o n s of a p p l i c a b l e G r a e t z type 
p r o b l e m s a r e not con ta ined in the l i t e r a t u r e . As wi l l be s een , the f o r m u ­
la t ion of such a p r o b l e m for a c o c u r r e n t - f l o w , d o u b l e - p i p e , h e a t e x c h a n g e r 
i s r e l a t i v e l y s i m p l e . Why then h a s th i s type of ex t ens ion of the G r a e t z 
P r o b l e m not been i n v e s t i g a t e d ? A p o s s i b l e a n s w e r to th i s q u e s t i o n a p p e a r s 
to be r e l a t e d to the app l i cab i l i t y of the c l a s s i c a l m a t h e m a t i c a l t e c h n i q u e s 
u s e d to ob ta in a n a l y t i c a l so lu t ions to G r a e t z and s i m i l a r p r o b l e m s . It i s by 
no m e a n s i m m e d i a t e l y a p p a r e n t that t h e s e s a m e t e c h n i q u e s can be appl ied to 
the m o r e c o m p l i c a t e d " t w o - r e g i o n " p r o b l e m tha t r e s u l t s for the d o u b l e - p i p e 
hea t e x c h a n g e r . 

The p r i n c i p a l p u r p o s e of th is p a p e r i s to show tha t t h e s e f a m i l i a r 
m a t h e m a t i c a l t e c h n i q u e s a r e a p p l i c a b l e to the c o c u r r e n t - f l o w , d o u b l e - p i p e , 
h e a t - e x c h a n g e r G r a e t z P r o b l e m , a l though in s o m e w h a t u n f a m i l i a r f o r m . Use 
of t h e s e t e c h n i q u e s wi l l then be i l l u s t r a t e d by c o m p u t a t i o n s of fully developed 
h e a t - t r a n s f e r coe f f i c i en t s , and t h e i r d e p e n d e n c e on the o p e r a t i n g condi t ions 
of the e x c h a n g e r wi l l be b r i e f ly s tud ied . In add i t ion , a new h e a t - e x c h a n g e r 
d e s i g n quant i ty , c a l l e d the " e f f e c t i v e n e s s coef f ic ien t , " wi l l be i n t r o d u c e d , and 
i t s s ign i f i cance i l l u s t r a t e d . 



11. SOLUTIONS OF GRAETZ PROBLEMS 

Graetz problems a re formulated by expressing the heat-convection 
equation in a convenient coordinate system with appropriate simplifications, 
boundary conditions, and an "initial" condition describing the fluid tempera­
ture distribution at the inlet to the duct. With a few recent exceptions, and 
when interes t is directed at conditions that a re not too close to the duct in­
let, formal solutions a re obtained by the classical method of separation of 
var iables . With the three types of boundary conditions mentioned in 
Section I, a familiar Sturm-Liouville system resul ts , the solution of which 
provides an infinite sequence of orthogonal functions (eigenfunctions) with 
corresponding eigenvalues. Expansion of the initial condition as an infinite 
ser ies of the eigenfunctions gives the coefficients necessary to complete the 
solution. 

Except for certain cases with the space between infinite paral lel 
planes,! ' ) a general solution of the Sturm-Liouville equation of the system 
is not available in t e rms of known tabulated functions. As a result , approxi­
mation techniques a re necessary in order to obtain numerical resul ts from 
the formal solutions, and several of these a re reported in the l i te ra ture . 

As will be seen, separation of variables applied to the cocurrent-
flow, double-pipe, heat-exchanger problem resul ts in the equivalent of a 
Sturm-Liouville system consisting of two Sturm-Liouville equations coupled 
at a common boundary. The coupling conditions yield boundary conditions 
that a re not familiar for a Sturm-Liouville system. It will be shown, how­
ever, that solutions of the two-region problem form an infinite sequence of 
functions with corresponding eigenvalues, and with the equivalent of an 
orthogonality condition defined over both regions. The two-region orthog­
onality condition makes it possible to expand the initial condition for each 
region as an infinite ser ies of appropriate eigenfunctions, thereby de ter ­
mining the coefficients necessary to complete the formal solution by 
separation of variables . 

Recently, Nigram and Agrawalv") published accurate approximate 
solutions of the classical Graetz Problem for the space between infinitely 
wide paral lel planes which were obtained by use of Biot's(^) variational 
formulation of the heat-conduction equation. With this approach, approxi­
mations a re made directly to solutions of the heat-convection equation 
rather than to the Sturm-Liouville system resulting from the separation 
of var iables . The accuracy of the approximation, however, is not always 
easy to judge. The technique is also applicable to the heat-exchanger 
Graetz Problem, and is presently being studied for this purpose. 



III. FORMULATION OF HEAT EXCHANGER PROBLEM 

The usua l doub le -p ipe hea t e x c h a n g e r c o n s i s t s of two c o n c e n t r i c 
c i r c u l a r p ipes wi th f luids flowing t h r o u g h the a n n u l a r s p a c e and the c e n t r a l 
tube. In a c o c u r r e n t - f l o w e x c h a n g e r , the f luids e n t e r t h e i r r e s p e c t i v e flow 
channe l s a t the e x c h a n g e r in le t wi th d i f fe ren t t e m p e r a t u r e s , t r a n s f e r r i n g 
hea t th rough the c o m m o n wal l a s they flow in p a r a l l e l a long the l eng th of 
the e x c h a n g e r . A s c h e m a t i c d i a g r a m of th is s i m p l e type of hea t e x c h a n g e r 
is i l l u s t r a t e d in F i g u r e 1, which a l s o ident i f ies s o m e of the n o m e n c l a t u r e 
to be used. 

C,W, 

1 — £ — t M d l 

\flz 
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F i g . 1 

Doub le -p ipe Hea t E x c h a n g e r , 
S c h e m a t i c D i a g r a m 

F o r the p u r p o s e of a n a l y s i s , the following i d e a l i z a t i o n s a r e m a d e : 

(1) At the inlet to the duct , the t e m p e r a t u r e d i s t r i b u t i o n s within 
the fluids a r e un i form. 

(2) P h y s i c a l p r o p e r t i e s a r e t e m p e r a t u r e - i n d e p e n d e n t . 

(3) F r i c t i o n a l hea t ing (v i scous d i s s ipa t ion ) is neg l ig ib l e . 

(4) Longi tudinal hea t conduct ion in the hea t e x c h a n g e r wa l l s is 
neg l ig ib le . 

(5) Longi tudinal hea t conduct ion in the f luids is neg l ig ib l e . 

(6) The ve loc i ty d i s t r i b u t i o n s wi th in the f luids c o r r e s p o n d to fully 
developed l a m i n a r flow. 

(7) The annu la r space of the e x c h a n g e r is n a r r o w in the s e n s e that 
it can be a p p r o x i m a t e d by the space be tween inf ini tely wide p a r ­
a l l e l p l a n e s . 

The above idea l i za t ions a r e f a m i l i a r ones and need l i t t l e d i s c u s s i o n . 
Removing a l l but the second and s ix th r e s u l t s in only s l ight to m o d e r a t e ad­
di t ional c o m p l i c a t i o n s . 

Let quan t i t i e s a s s o c i a t e d wi th flow in the c i r c u l a r tube be identif ied 
by s u b s c r i p t " 1 , " and those a s s o c i a t e d with flow in the n a r r o w annu la r 
space by ident if ied by s u b s c r i p t " 2 . " The a p p r o p r i a t e s t e a d y - s t a t e c o n v e c ­
t ion equa t ions a r e then 

r ar y dr ) a^ di ' ( l a ) 

t i ( r , . e ) , 0 



for the c i r c u l a r tube , and 

y t ; ^ U3(y) 5t ; 

Sy2 ttz S i ' 

t 2 (y , i ) , 0 =s y £ a j . 

( lb ) 

for the n a r r o w a n n u l a r s p a c e . In the above , a r e p r e s e n t s the t h e r m a l dif­
fus iv i ty , and u the l o c a l fluid ve loc i t y in the ax ia l or i d i r e c t i o n . F o r 
fully d e v e l o p e d l a m i n a r flow. 

u, = 2^1 [1 - ( r / a i )2 ] (2a) 

a n d 

U2 = 6u2(y/a2)[l - (y /a^ ) ] , (2b) 

w h e r e the o v e r s c o r e i n d i c a t e s the u s u a l v o l u m e t r i c - f l o w a v e r a g e ve loc i t y . 

If the d i r e c t i o n s of r and y a r e a s ind ica ted on F i g u r e 1, app l i ca t i on 
of the hea t - f low b o u n d a r y condi t ions r e s u l t s in 

i l l 

Sr 

dy 

= 0, 

= 0, 

a n d 

y = 0 

St, 

Sr 

Stz 
-(a, + b)k2 ^ 

(3a) 

(3b) 

(4) 
y=a2 

w h e r e k r e p r e s e n t s the t h e r m a l conduc t iv i ty , and b the t h i c k n e s s of the 
c i r c u l a r tube wa l l . A four th bounda ry condi t ion is obta ined by accoun t ing 
for h e a t conduc t ion t h r o u g h the wal l . F o r th i s p u r p o s e , the f a m i l i a r l o g -
m e a n conduc t ion equa t ion is w r i t t e n a s 

-k ^ 
^1 Sr 

= ^ [ t i ( a i . i ) - t 2 ( a 2 , i ) ] . (5) 

n t h 

b ' = ai ,2n(l + b / a i ) 

= b[ l - { l / 2 ) ( b / a i ) + ( l / 3 ) ( b / a , ) ^ + . (5a) 



F i n a l l y , t h e " i n i t i a l " c o n d i t i o n i s w r i t t e n a s 

t i ( r , 0 ) = toi (6a-) 

a n d 

t 2 ( r , 0 ) = to2 (6b) 

E q u a t i o n s ( l ) t h r o u g h (6) r e p r e s e n t a f o r m a l s t a t e m e n t of t h e 

c o c u r r e n t - f l o w , d o u b l e - p i p e , h e a t - e x c h a n g e r G r a e t z P r o b l e m . A n a d d i t i o n a l 

r e l a t i o n , i m p l i c i t i n t h e a b o v e f o r m u l a t i o n a n d e x p r e s s i n g a s i m p l e h e a t b a l ­

a n c e , i s a l s o of i n t e r e s t . T o w r i t e t h i s r e l a t i o n , t h e h e a t - c o n t e n t m e a n o r 

b u l k t e m p e r a t u r e s t g j a n d t g ^ a r e d e f i n e d i n t h e u s u a l m a n n e r b y 

^Bi 

a n d 

"̂ Bz 
1 

azUz 

U j t j r d r , ( 7a ) 

r' 
/ u^tjdy. (7b) 

The h e a t - b a l a n c e r e l a t i o n is then w r i t t e n a s 

c , W i ( t B j - t „ i ) = C2W2(to2-tB2). 

D i m e n s i o n l e s s F o r m u l a t i o n 

It is conven ien t a t th i s po in t to i n t r o d u c e a d i m e n s i o n l e s s f o r m u l a ­
tion, and then r e s t a t e the p r o b l e m in p u r e l y m a t h e m a t i c a l f o r m . This will 
s e r v e not only to s impl i fy the n o m e n c l a t u r e , but a l s o , a s the equ iva len t of 
a d i m e n s i o n a l a n a l y s i s , to a s s i s t in ident i fying the i m p o r t a n t p a r a m e t e r s 
of the p r o b l e m . 

F i r s t , note that a s the h e a t - e x c h a n g e r l eng th i n c r e a s e s wi thout l imi t , 
both fluid t e m p e r a t u r e s m u s t a p p r o a c h an equa l and u n i f o r m e q u i l i b r i u m 
va lue , too. F r o m equa t ion (8), 

too = t„, + [ H / ( l + H ) ] A t o , (9) 

w h e r e 

H = C2W2/(ciWi), 



and 

The heat-capacity flow-rate ratio, H, is a familiar one in heat-
exchanger analyses and will be retained as a dimensionless parameter. 
Equation (9) suggests the dimensionless temperature 

li = (ti-toi)/Ato, i = 1,2. (10) 

The following dimensionless space variables are now introduced: 
dimensionless distances x, normal to the heat-transfer surfaces, defined by 

X = r/ai (Ha) 

for the circular tube, and 

X = y/a2 ( l i b ) 

for the annular space; and a dimensionless length z, referenced arbitrarily 
to the properties of channel " 1 , " defined by 

z = aiV(^iaf) , (12) 

Note that 0 £ x £ 1, with x = 1 identifying the heat-transfer surface for 
all channels, and therefore subscripts are not required. Note also that 
|;(x,z) now replaces tj(r,,£) and t2(y,.̂ ) and that ^i(x,0) = 0, while ^2('̂ '0) - ^• 
Further, from equation (9), 

Lim ?i(x,z) = — ^ . (13) 
Z -»• CO J. i- rt 

The dimensionless length z can be expressed in more familiar terms 
by introducing the Peclet number defined by 

Pe. = Bj^. 

where D; is the hydraulic equivalent diameter, equal to 2ai for both channels. 
Introduction of the Peclet number into equation (12) results in an alternate 
definition for z given by 

' - m-
The inverse of z is proportional to the Graetz number. 



Subs t i tu t ion of the d i m e n s i o n l e s s v a r i a b l e s ^i. x , and z for 
d i m e n s i o n a l e q u i v a l e n t s in the d i f f e r en t i a l equa t i ons and b o u n d a r y 
given by equa t ions ( l ) to (6) r e s u l t s in the fol lowing d i m e n s i o n l e s s 
m a t i c a l s t a t e m e n t of the p r o b l e m . 

t h e i r 
condi t ions 
m a t h e -

Di f fe ren t ia l E q u a t i o n s 

1 
X 

S' 

s 
B 

Sx 

x 2 

D u n 

(̂  

= 

da 

Sx y 

tU^g2 

ry C 

= 

x) 

one 

g,(x) -

_S|2 
Sz' 

itions 

Ml. 
S z ' 

Sx = 0, 

K Mi 
Sx 

SI2 

1,2 ; 

0; 

^ Sx + 1 , (1 , z ) - ^ 2 ( 1 . 2 ) 

w h e r e 

I n i t i a l C o n d i t i o n s 

? i ( x , 0 ) = 0 , 

l 2 ( x , 0 ) = 1, 

g,(x) = 2(1 - x ^ ) , 

g2(x) = 6x(l - x), 

03̂  = ( l / 2 ) K H , 

K = (k , /a i ) (a2 /k2)( l + b / a i ) - ' , 

K^ = ( k y a i ) ( b ' / k ^ ) . 

The bulk t e m p e r a t u r e s in d i m e n s i o n l e s s f o r m b e c o m e 

'^Bi(2) = 2 / g i l j x d x , 
Jo 

( 1 5 a ) 

(15b ) 

(16) 

(17) 

(18) 

(19a ) 

(19b) 

( 2 0 a ) 

(20b) 

(21) 

(22) 

(23) 

( 2 4 a ) 



Ig^ f^ ) = / g2?2dx, 

Jo 

with the heat-balance relation 

?Bi = H(1-?B^). 

The simple heat balance also implies the relations 

1 d?Bi Sx dz 

(24b) 

(25) 

(26a) 

and 

se. 
2 B2 

dz 
(26b) 

which can be obtained directly from equations (15) by integration with r e ­
spect to X, 

The parameter H is a familiar one in heat-exchanger analysis , as 
mentioned previously. The pa ramete r s K and K are not familiar ones but 
may be given simple physical significance when interpreted as relative ther­
mal res i s tances . Thus, if the rat io a i /k , is considered as a measure of the 
thermal res is tance for heat flow to or from channel " 1 , " K can be inter­
preted as the thermal res is tance for heat flow to or from channel "2" r e l ­
ative to channel " 1 . " Similarly, K^ can be interpreted as the relative 
thermal res is tance of the exchanger common wall. 

Equations (15) to (19) indicate that the dimensionless temperature 
distributions ^•(x,z) depend exclusively on the three dimensionless groups 
H, K, and K in the sense that once these groups a re assigned values, the 
mathematical solution is determined. Thus it is to be expected that quan­
tities such as heat-exchange ra tes and heat - t ransfer coefficients, when 
expressed in appropriate dimensionless forms, will also depend on H, K, 
and K . w 

Heat Transfer Coefficients 

The local, tube-side, heat - t ransfer coefficient is defined in the 
usual manner by 

k i 

h,(i) 

Mi 
Sr 

t i ( a i , i ) - t B i ( i ) ' 
(27a) 
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vhich, in d i m e n s i o n l e s s f o r m , b e c o m e s 

s? 

Nui(z) 
?,(l,z) - ?Bi(z)' 

(27b) 

w h e r e Nu, is the N u s s e l t n u m b e r def ined by 

Nui = D i h i / k j . 

The s a m e r e l a t i o n s a l s o apply to the l o c a l , a n n u l a r - s p a c e , N u s s e l t 
n u m b e r when s u b s c r i p t s " 1 " a r e r e p l a c e d by s u b s c r i p t s "Z." 

Use of equa t ions (26) g ives the fol lowing s o m e w h a t m o r e convenient 
r e l a t i o n s ; 

d? Bl 

Nui(z) 

Nu2(z) 

dz 

ei(l,z) - 5 B , ( Z ) ' 

2 of 
dl B2 

d z 

?2(l .z) - ?B,(2) ' 

(28a) 

(28b) 

The o v e r a l l h e a t - t r a n s f e r coeff ic ient , b a s e d on the h e a t - t r a n s f e r a rea 
of the tube s ide of the e x c h a n g e r , is def ined by 

v,W 

at, 

tB2(^) - tB i (^ ) ' 

which, in d i m e n s i o n l e s s f o r m b e c o m e s 

(29a) 

Nuf(z) = 
ox 

W-) - 4:(-)' (29b) 

w h e r e 

Nu° = 
ki 



The quantity Nuf is an overall heat-exchanger Nusselt number based on 
tube-side proper t ies , A more convenient expression for Nu, resul ts upon 
use of the heat-balance relat ions, equations (25) and (26); viz. : 

d?Bi 

Nu?(z) = - - ^ . (29c) 
1 ^ r - ^ B > ) 

It is relatively simple to show that the familiar additive thermal-
res is tance concept for computing overall heat- t ransfer coefficients can be 
expressed in dimensionless form as 

1 1 ^ K 
Nu5'(z) Nui(z) ' 2 ' Nu2(z) 

and is consistent with the relations given for the various Nusselt numbers. 

Heat Exchanger Effectiveness 

The customary heat-exchanger effectiveness e is defined as the ratio 
of the actual rate of heat transfer between fluids for a part icular heat ex­
changer to the rate of heat transfer for a similar exchanger with infinite 
heat transfer area . For the cocurrent-flow, double-pipe exchanger, equa­
tions (10) and (13) lead to the simple relation 

e = [{1 + H)/H]i^^, (30) 

so that equation (29c) can be written as 

- ^ i n ( l - e ) = -^-47^Nu°(z) . (29d) 
d z iri 

IS Nuf is assumed to be independent of z, and equation (29d) is integrated 
from z = 0 to any value of z, a dimensionless equivalent of the customary 
heat-exchanger design relation resu l t s , v iz . : 

e = 1 - exp{-[(l+H)/Hj(Nll°)z}, (31) 

where Nu, represents the value of Nu" assumed constant during the 
integration. 



IV. SOLUTION BY SEPARATION OF VARIABLES 

Separation of variables applied to equations (15) through (18) leads 
to consideration of a solution in the form 

?,(x,z) = j - ^ + Y CnEin(^)'^ • ^ ^ (32a) 

n = i 

l2(x,z) = Y^— + Y CnE2n(x)e" ^' 

where the functions E ^ and Ejn must satisfy 

and 

i - ^ ( x E l n ) + gi^E,,, 

d^E 

(32b) 

(33a) 

IB + aj^g2X^E2„ = 0, (33b) 
dx^ 

with the boundary conditions 

Eln(O) = 0, (34a) 

EJn(O) = 0, (34b) 

KEl^(l) + Ein(l) = 0, (35) 

KwEln(l) + Ein(l) - E2n(l) = 0. (36) 

In the above, pr imes denote differentiation with respect to x. 

Since g, and g2 are well-behaved functions of x, there is no doubt 
that solutions for E,,^ and Ej^. exist. To show that equations (32) r ep ­
resent a solution of the two-region boundary-value problem stated by 
equations (15) to (19), a relationship for the Xn rnust be obtained, and it 
must be demonstrated that the coefficients can be determined so as to 
satisfy the initial conditions in the form 

H ^ 
° = ITTl + Z C„E,^(x), (37a) 



and 

H •?-

' = TTTi^ 1 CnE2n(x). 37b 

The homogeneous ordinary differential equations for E,,, and 
E2n' together with the homogeneous boundary conditions given by equa­
tions (34), (35), and (36), constitute what might be called a "two-region" 
Sturm-Liouville problem. It will now be shown that this system of dif­
ferential equations with boundary conditions has proper t ies analogous 
to those of the more familiar Sturm-Liouville system, thus making it 
possible to determine the coefficients Cn so as to satisfy the initial con­
ditions of the heat-exchanger Graetz Problem. 

The Eigenvalue Equation 

Let F(X,x) represent the solution of equation (33a) with F-x_{X,0) = 0, 
and let G(>t,x) represen t the solution of equation (33b) with Gx(?t,0) = 0, 
where the subscript "x" denotes part ia l differentiation with respect to x. 
Thus, with K(\) and B(>L) a rb i t ra ry "constants" which might depend on 
X,AF(X,X) and BG(X,x) also satisfy their respective differential equations. 
The boundary conditions given by equations (35) and (36) then require that 
A(>t) and B(\) be chosen so that 

KFx(X,l)A + Gx(X,l)B = 0, (38a) 

and 

[KwFx(X,l) + F(X,1)]A - G(X,1)B = 0. (38b) 

For this system of simultaneous homogeneous linear algebraic equations 
to have nonzero solutions for A and B, the coefficient determinant 

KFx(X,l) Gx(X.l) 

KwFx(X,l) + F(X,1) -G(X,1) 

must be made equal to zero by proper choice of X. This gives the eigen­
value equation 

F(X,1)G^(X,1) +KF^(X,1)G(X,1) + K„Fx(X,l)Gx(X,l) = 0. (39) 

F r o m physical considerations, e.g., equation (13), and inspection 
of the assumed form of solution, equations (32), only real nonzero values 
of X a re required. Fur the r , it should be possible to a r range the required 
roots , Xn, of equation (39) in order of increasing size as 



M. ^l ^ ^n . • • • • 

and they should be ( d e n u m e r a b l y ) inf ini te in n u m b e r . F o r the m o r e f a m i l i a r 
S t u r m - L i o u v i l l e P r o b l e m ( i . e . , in a s i m p l e , f in i te , s ing le r e g i o n ) , t h e s e 
p r o p e r t i e s of the X^ have been e s t a b l i s h e d r i g o r o u s l y wi th r e s t r i c t i o n s 
r a r e l y of i m p o r t a n c e to p h y s i c a l p r o b l e m s . It should a l s o be p o s s i b l e to 
e s t a b l i s h t h e s e p r o p e r t i e s for the t w o - r e g i o n p r o b l e m s , but th i s h a s not 
been a t t e m p t e d . I n s t ead , it i s no ted tha t if the r o o t s , X^, of equa t ion (39) 
do not have the d e s i r e d p r o p e r t i e s , then so lu t i ons of the f o r m g iven by 
equat ion (32) a r e not p r o p e r . 

The Eigenfunc t ions 

Equat ion (38a) r e s u l t s in 

F x ( ^ . l ) 

(̂") = -^six)^*"^-
Since the s y s t e m is h o m o g e n e o u s , e i t h e r A(X) or B(X) can be c h o s e n 
a r b i t r a r i l y . The cho ice , 

A(X) = G^(X,1), 

r e s u l t s in convenient s y m m e t r y , for then the e igenfunc t ions E , , , and E^^ 
can be r e p r e s e n t e d by 

Ein(x) = Gx(Xn,l)F(Xn.x) . (40a) 

and 

E2n(x) = -KFx(Xn, l )G(Xn,x) , (40b) 

and c l e a r l y sa t is fy the t w o - r e g i o n S t u r m - L i o u v i l l e s y s t e m d e s c r i b e d by 
equat ions (33) to (36), 

"Or thogona l i ty" of the E igenfunc t ions 

The equ iva len t of an o r t h o g o n a l i t y condi t ion for the E ^ and E^^ 
will now be e s t a b l i s h e d . The d i f f e r en t i a l e q u a t i o n s (33) a r e f i r s t m a n i p u ­
l a t ed for n = i and n = j in the m a n n e r u s e d to d e r i v e p r o p e r t i e s of the 
f a m i l i a r S t u r m - L i o u v i l l e s y s t e m . E q u a t i o n (33a) i s w r i t t e n for n = i, and 
then for n = j , wi th i / j . The equa t ion for n = i i s m u l t i p l i e d by E , . , 
and the equat ion for n = j i s m u l t i p l i e d by Ej^ . The two r e s u l t i n g equat ions 
a r e then s u b t r a c t e d , and the following is o b t a m e d : 

Ei j 1 ^ (xEU) - E , i £ (xElj) + (X? - Xpg ,E , iE , jX = 0. 
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Use of the identity 

^ [x(E,jEli - EiiElj)] = Eij A (xEli) - E ^ -± (xE;.) 

and multiplication by dx enable the above to be written as 

d[x(E,jEli - E,iElj)] + (X? - XpgiEiiE,jxdx = 0. 

Integration between x = 0 and x = 1 resul ts in 

(Xj - X?) / xg,EiiEijdx = E, j ( l )El i( l ) - E, i ( l )El j( l ) . (41a) 
Jo 

In a s imilar manner, equation (33b) gives 

to'(XJ - Xf) / g2E2iE2jdx = E2j(l)E^i(l) - E2i(l)Eij(l). (41b) 

The integration to obtain equation (41b) uses the boundary condition 
Eln(O) = 0. 

The integrals of equations (41) can be related to each other by using 
the coupling boundary conditions at x = 1. Thus, equation (35) produces 

EJn(l) = -KEln(l) , 

and equation (36) leads to 

E2n(l) = E,n(l) +KwEln(l)-

Use of these conditions resul ts in the relation 

E2j(l)Eli(l) - E2i(l)Eij(l) = - K[Eij(l)Eli(l) - E,i( l)Elj( l)] 

which, with equations (41), implies that 

"^^ / g2E2iE2jdx + K / xgjEiiEijdx = 0, 

With cû  = — KH, the above can be writ ten as 



/ (2xgiEiiEij + Hg2E2iE2j)dx = 0, i / j . 
Jo 

(42) 

Equation (42) is the equivalent of an orthogonality condition for the 
eigenfunctions E ^ and E2n- Note, however, that the familiar correspond­
ence of an orthogonal set of functions to the concept of an orthogonal set 
of vectors in a space of denumerably infinite dimensions is no longer 
apparent from equation (42). The correspondence can be retained by r e ­
placing X by 1 - X in region 1, and by x - 1 in region 2, and rephrasing the 
problem accordingly in the single region defined by -1 ^ x £ 1. This type 
of formulation might be more convenient for theoretical investigations but 
offers no immediate advantage for the treatment given here . 

For i = j = n, equations (33) lead to a normalizing factor defined by 

N„ = r (2xg,E^n+ Hg2EL)dx. (43) 

Note that E ^ = Ejn = 1 is a solution of the two-region Sturm-
Liouville problem corresponding to X^ = 0, and that 

/ (2xgiE,i + Hg2E2i)dx = 0. i / 0. 

Thus to complete the set of functions E^^ and E2n> the case of n = 0 with 
X(, = 0, and Ejo = E20 = 1 must be included. Also, application of equation (43) 

No = 1 + H. 

Expansions of Arbitrary Functions 

Let fi(x) and f2(x) be arbi t rary functions defined in regions 1 and 
2, respectively, with 0 < x s 1. To avoid concern about the validity of the 
operations to be performed with these functions, assume that they are con­
tinuous in their respective regions. Consider the expansions 

00 

f,(x) = Y CnE,n(x); (44a) 
n=o 

CO 

f2(x) = Y CnE2n(x). (44b) 
n=o 



Multiply the first expansion by 2xgiEijdx, and the second by Hg2E2jdx. Add 
the resulting express ions , and integrate between x = 0 and x = 1, using 
equations (42) and (43). The following formula for the C^ resul ts : 

Cn = - ^ / [2xgiEinfi(x) + Hg2E2nf2(x)]dx. (45) 

For n = 0, this becomes 

[2xgifi(x) + Hg2f2(x)]dx. (46) 
" 1 + « jo 

Thus, the expansions of equations (44) are completely analogous to r e p r e ­
sentations of a rb i t r a ry functions by a generalized Four ie r se r ies , at least 
formally. 

Completion of Solution of Heat-exchanger Graetz Problem 

The solution of the cocurrent-flow, heat-exchanger problem in the 
form of equation (32) can now be completed. To satisfy the initial conditions 
as required by equation (37), the expansions of equations (44) are written 
with fi(x) = 0 and f2(x) = 1. Thus, equation (45) resul ts in 

Cn = ^ / g2E2ndx. (47) 
^n ' 0 

Also, since 

/ g2dx = 1, 
Jo 

equation (46) leads to 

Co = H / ( 1 + H ) , (47a) 

as required by equations (32). 

It will be convenient for later application to define the quantities 

B,n = 2 / xgiEindx, (48a) 



a n d 

g2E2ndx. (48b) 

Appl ica t ion of equa t ions (24) and (25), i . e . , the h e a t - b a l a n c e r e l a t i o n , to 
equa t ions (32) r e s u l t s in 

Bin = -HB2n. n / 0. 

(Note that the s a m e r e l a t i o n s h i p be tween the B^^ i s i m p l i e d by the o r t h o g ­
onal i ty e x p r e s s i o n . ) Thus , equa t ion (47) can be w r i t t e n a s 

Cn = HB2n/Nn; (49a) 

Cn = - B m / N n , n / 0, (49b) 

The i n t e g r a t i o n s defining Bm and B2n can be c o m p l e t e d wi th the a s s i s t a n c e 
of equa t ions (33) and the bounda ry cond i t i ons . The fol lowing equa t i ons 
r e s u l t : 

B,n = - 2 E l n ( l ) / X ^ ; (50a) 

and 

B2n = - E^n( l ) / ( ' ^ ' ^n) - (50b) 

Fu l l y Developed H e a t - t r a n s f e r Coeff ic ients 

F o r sufficiently l a r g e va lue s of z, a l l but the n = 1 t e r m s of equa ­
t ions (32) can be n e g l e c t e d . Appl ica t ion of t h i s " l a r g e z" so lu t ion to equa ­
t ions (28) and (29c) give the following a s y m p t o t i c or fully deve loped v a l u e s 
of the v a r i o u s h e a t - t r a n s f e r coef f ic ien t s : 

Nui(oo) = X ^ B „ / [ B „ - E , i ( l ) ] ; (51a) 

Nui(oo) = KHXiB2y[B2i - E2i ( l ) ] ; (51b) 

and 

Nu?(oo) = [ H / ( 1 +H)]X]. (52) 

Heat E x c h a n g e r E f f ec t i venes s 

Appl ica t ion of equa t ions (32) and (49) to the defining r e l a t i o n for the 
d i m e n s i o n l e s s bulk t e m p e r a t u r e I g i ' and i n t r o d u c t i o n of equa t ion (30), r e ­
sult in the e x p r e s s i o n 



n=l '^ 

for the heat-exchanger effectiveness. Multiplying and dividing by quantities 
related to the first eigenvalue, and using equation (52) result in the following 
form of equation (53): 

e = 1 - 0(z)e '^ i^ (54a) 

= 1 - 0(z)exp {- [(1 +H) /H]NU;(CO)Z} , (54b) 

where 

H Z^ Nn • ^ ' 

Comparison of this form with the customary heat-exchanger design r e ­
lation as given by equation (31) shows that the two will give approximately 
equivalent resul ts when Nu" = Nui(oo) and 0(z) ~ 1. 

A useful relationship for the maximum variation of 0(z) can be 
determined. F i r s t note that for sufficiently large z, 

Lim 0(z) = 0(<») 
Z-'-oo 

= [ ( 1 + H ) / H ] ( B ? , / N I ) , (56) 

while the requirement that e = 0 when z = 0 gives 

0(0) = 1. 

Since B^n s-'̂ d Nn [see equation (43)] are positive numbers, and Xn < Xn+i, 
0(z) must decrease monotonically with increasing z. Thus 

0(00) £ 0(z) < 1. 

This relationship, together with appropriate values of Nui(co), can be used 
to test the accuracy of the customary heat-exchanger design equation 
[equation (31)]. 
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The Effectiveness Coefficient 

When 0(z) is significantly different from unity, it can become an 
important quantity for heat-exchanger design. For this reason it is called 
"The Effectiveness Coefficient." The quantity 

0(») = [(1 + H ) / H ] ( B ^ I / N I ) (57) 

is the "Fully Developed Effectiveness Coefficient" for the cocurrent-flow, 
double-pipe, heat exchanger. 
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V. THE PLUG-FLOW CASE 

If the velocity distributions u,(r) and U2(y) are taken to be uniform, 
rather than parabolic, then gi = g2 = 1. and the differential equations for 
the eigenfunctions, i .e. , equations (33), have solutions in t e rms of familiar 
elementary functions. This sinnple velocity distribution represents the 
idealization of plug- or rod-like flow and has been used as a basis for an 
analysis of heat t ransfer between liquid metals in turbulent flow in cocurrent-
flow, double-pipe, heat exchangers.("J Solutions for the appropriate, two-
region, boundary-value problem - i.e., equations (15) to (19) with gi = g2 = 1 -
were obtained by Laplace t ransform techniques, and thus are available for 
comparison with solutions obtained by separation of var iables . 

Recall that F(X,x) represents the solution of equation (33a) with 
Fj.(X,0) = 0 and that G(X,x) represents the solution of equation (33b) with 
Gx(X,0) = 0. For gi = g2 = 1, 

F(X,x) = Jo(Xx); (58a) 

and 

G(X,x) = cos (CDXX). (58b) 

Thus, if it is noted that 

Fx(X,x) = -XJi(Xx), 

and 

Gx(X,x) = -CDX sin(ajyx), 

the eigenvalue relation equivalent to equation (39) becomes, after slight 
rear rangement , 

Jo(X)sin(ujX) + (lV'uj)Ji(X)cos(aiX) - K^XJjX) sin(a^X) = 0. (59) 

The eigenvalues a re given by the positive nonzero roots of equation (59). 
Application of equations (40) determines the eigenfunctions for the plug-
flow case to be 

Ein(x) = -^^n sin(a)Xn)Jo(Xnx), (60a) 

and 

E2n(x) = KXnJi(Xn)cos(ujXnx). (60b) 
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Substitution of equations (60) into equations (43) and (47) gives the 
required coefficients Cn and completes the plug-flow solution in the form 
of equations (32). It is relatively simple to show that the solution obtained 
by separation of variables is equivalent to the same form of solution ob­
tained by Laplace transform techniques. For example, application of 
equations (50) and (51) results in, for the plug-flow case . 

Nui(o3) 

and 

2XiJi(Xi) 
2Ji(X,) - XiJo(Xi) 

2(03X1)̂  sin(ajXi) 
Nu2(oo) = —-— :; , , , 

sin(cuXj) - cuXj COS(CDXJ) 

with Xj denoting the least, nonzero eigenvalue as determined from 
equation (59). These relations are the same as those given in reference (9). 
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and 

VI. THE LAMINAR-FLOW CASE 

For the laminar-flow case, i.e., with 

gi = 2(1 -x^), 

g2 = 6x(l - x). 

useful solutions for the differential equations (33) a re not known in te rms 
of tabulated functions. Thus, solutions by power-ser ies representation of 
Ejn and E2n, or by the use of approximation techniques, a re necessary. 

Several techniques a re available for approximating eigenvalues 
and eigenfunctions, most (if not all) of which would be applicable to the 
two-region Sturm-Liouvil le Problem defined by equations (33) to (36). 
With the eigenfunction solution available for the plug-flow case, a con­
venient basis for an approximation method is to represent the laminar-
flow eigenfunctions as a linear sum of plug-flow eigenfunctions. In this 
way the boundary conditions - i.e., equations (34) to (36) - are automatically 
satisfied. The coefficients multiplying each te rm in the sum are then de­
termined so that the differential equations - i.e., equations (33) - are ap­
proximately satisfied. After some experimentation with other methods -
especially the use of polynominal approximations for the eigenfunctions in 
a variational formulation of the problem (see Appendix B) - approximation 
by a linear sum of plug-flow eigenfunctions was chosen for detailed study. 

This type of approximation method for eigenfunctions is a familiar 
one in perturbation analyses of the wave equations of theoretical physics.^ ' 
In such applications, the quantities 1 - gi and 1 - gj would represent small 
perturbations from a system for which the eigenfunctions and eigenvalues 
are known. The procedure was first applied to Graetz Problems by Mill-
saps and Pohlhausen(4) with considerable success . Since the "perturbation" 
represented by the difference between a uniform velocity distribution (plug 
flow) and a parabolic velocity distribution is not really small, the procedure 
requires use of more te rms in the sum than is usual in perturbation calcu­
lations. As a result , the technique when applied to Graetz-type Problems 
is not suitable for hand calculation, but does result in a procedure which is 
convenient for high-speed digital machine computation. 

The procedure, as applied to the two-region Sturm-Liouville Problem 
described by equations (33) to (36), is developed in two different ways in 
Appendices A and B. In Appendix A, the orthogonality of the plug-flow solu­
tions is used as the bas is ; in Appendix B, a variational formulation of the 
two-region Sturm-Liouvil le Problem is used. 



The approximation by a linear sum of plug-flow eigenfunctions can 
be written as 

and 

Ein('̂ ) = X ''nj"j('^)' 
3=" 

E2n(x) ~ Y "̂ njVj (x). 

(61a) 

(61b) 

where U: represents the jth eigenfunction for region " 1 " for the plug-flow 
problem, and v- represents the same for region "2"; i.e., Uj is given by 
equation (60a), and Vj by equation (60b). "Best" values of the coefficients 
anj, as well as of the laminar-flow eigenvalues X^, for n = 1, 2, . . . , r, 
are obtained as solutions of a corresponding eigenvalue problem related to 
a homogeneous set of r + 1 linear algebraic equations with anj as the un­
knowns. Details are presented in Appendix A. The corresponding eigen­
value problem is a relatively standard one for a high-speed digital computer, 
and solutions with r as large as 10 can be obtained quite rapidly. 

Initially it was hoped that this approximation technique would make 
it possible to explore heat-exchanger operation over the entire likely range 
of the parameters H, K, and K.̂ ,̂ It was discovered, however, as discussed 
further in Appendix C, that convergence was not sufficiently rapid or uni­
form. In most instances the approximations exhibited oscillatory behavior 
with increasing r, making it difficult to judge the accuracy of resul ts beyond 
the third significant figure, even for r as large as 16, Because of this, a 
compromise was necessary which limited the range of pa ramete r s covered, 
and allowed consideration of only those quantities related to the first and 
second eigenfunctions. 

The results obtained, including an indication of their accuracy, are 
listed in Tables I, II, and III, and discussed with respect to general trends 
in Section VII. 

In most cases , the accuracy appears to be of about the same order 
as to be expected from a precision electronic analog-computer solution of 
equations (33) to (36). Since use of an analog computer should permit a 
more rapid coverage of a much larger range of the pa ramete r s , and should 
allow removal of the narrow annular space idealization with only slight 
additional complications, this method of computation is being explored. 



T a b l e I 

QUANTITIES R E L A T E D TO F I R S T E I G E N F U N C T I O N 

^ w 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.1 
0.2 

K 

1 
I 
1 
2 
0.5 
0.1 
0.01 
0.1 
0.1 
0.1 
0.1 
0.1 

H 

0.1 
0.5 
1 
0.5 
0.5 
0.5 
0.5 
2 
1 
0.1 
0.5 
0.5 

?̂ 

10.94 
5.81 
4 .134 
4.336 
6.75 
7.52 
7.688 
4.78 
5.89 

11.27 
7.02 
6.530 

E „ ( l ) 

0.3091 
0.426 
0.140 
0.191 
0.361 
0.106 
0.01150 
0.118 
0.124 
0 .0353 
0.0925 
0.0784 

- B u 

0.0389 
0.497 
0.846 
0 .803 
0.266 
0.057 
0.00579 
0.289 
0.139 
0.00360 
0.0608 
0.06389 

N i 

0.0806 
0.981 
1.717 
2.28 
0.331 
0.0184 
0.00020 
0.166 
0.057 
0.00099 
0.0182 
0.0181 

Note: T h e r e s u l t s t a b u l a t e d above a r e u n c e r t a i n in the l a s t digi t 
g iven . 

T a b l e II 

QUANTITIES R E L A T E D TO SECOND EIGENFUNCTION 

Kw 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.1 
0.2 

K 

1 
1 
1 
2 
0.5 
0.1 
0.01 
0.1 
0.1 
0.1 
0.1 
0.1 

H 

0.1 
0.5 
1 
0.5 
0.5 
0.5 
0.5 
2 
1 
0.1 
0.5 
0.5 

^l 

30.4 
18.32 
16.42 
15.16 
21.7 
25.7 
36.64 
26.4 
23.52 
35.7 
23.20 
21,21 

E , 2 ( l ) 

0.39 
- 0 . 3 8 
- 0 , 2 4 
- 0 , 3 4 
-0 ,059 

0,12 
0,02 

-0 ,0092 
0,078 
0,062 
0,032 

-0 ,036 

- B l 2 

0.097 
0.167 
0.056 
0.049 
0,22 
0,078 
0,008 
0,177 
0,14 
0,007 
0,078 
0,071 

N2 

0,24 
0,55 
0,11 
0,16 
0,60 
0,074 
0,0009 
0,343 
0.21 
0.003 
0.073 
0.065 

Note : T h e r e s u l t s t a b u l a t e d above a r e u n c e r t a i n in the l a s t digi t 
g iven . 
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T a b l e III 

F U L L Y D E V E L O P E D NUSSELT NUMBERS AND 
E F F E C T I V E N E S S C O E F F I C I E N T S 

Kw 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0.1 
0.2 

K 

1 
1 
1 
2 
0.5 
0.1 
0.01 
0.1 
0.1 
0.1 
0.1 
0.1 

H 

0.1 
0.5 
1 
0,5 
0,5 
0,5 
0,5 
2 
1 
0,1 
0,5 
0,5 

N U i (co) 

1,22 
3,13 
3.55 
3,50 
2,87 
2,63 
2,57 
3,40 
3,107 
1 .04 
2,78 
2,931 

N U 2 ( a i ) 

5,3 
5.08 
4.95 
4.92 
5.22 
5.4 
6 
5.1 
5.5 
6 
5.5 
5.6 

Nu°(co) 

0 .994 
1.938 
2.067 
1.445 
2.250 
2.51 
2.56 
3.190 
2 .943 
1.024 
2.340 
2.176 

0(») 

0.206 
0.751 
0.834 
0.849 
0.644 
0.53 
0.50 
0.759 
0.674 
0.144 
0.608 
0.677 

NOTE: The r e s u l t s t abu la t ed above a r e u n c e r t a i n in the l a s t d ig i t 
given. 



VII. DISCUSSION OF NUMERICAL RESULTS 

Since the principal intent of this report was to show that the 
cocurrent-flow, double-pipe, heat-exchanger, Graetz Problem can be 
studied by an extension of familiar mathematical techniques, the numerical 
resul ts obtained will be discussed only briefly. 

The range of the paramete rs H, K, and K̂ v explored include those 
values that a re most likely for an actual laminar-flow, double-pipe heat 
exchanger, but probably require some future extension for completeness. 
Values of H usually will be near unity, values of K near 0,1, and values of 
K^ less than 0.1. In unusual situations, values of H from 0.1 to 10 are con­
ceivable. With fluids on either side of the exchanger of significantly differ­
ent thermal conductivities, values of K could also span a large range. With 
liquid metals , values of Kw could be significantly greater than 0.1, but 
rarely greater than unity. 

Fully Developed Heat Transfer Coefficients 

Figures 2, 3, and 4, prepared from the results in Table III, show 
graphs of tube-side, fully developed, heat- transfer coefficients as a func­
tion of exchanger operation. The heat- transfer coefficients have been nor­
malized with respect to the value appropriate to the boundary condition of 
uniform heat flux at the tube wall. The normalized values were obtained 
by dividing the tube-side Nusselt number by the uniform flux value of 
4 .36 . ' ^ The normalized heat- t ransfer coefficient corresponding to the 
boundary condition of uniform surface temperature is located on 
the graphs for reference, and was obtained by dividing the appropriate 
Nusselt number, 3.65,(2) by 4.36. Also shown on the graphs (by dashed 
lines) are the comparable resul ts obtained previously for the plug-flow 

UNIFORM HEAT FLUX-

UNIFORM SURFACE TEMPERATURE 
/-PLUG FLOW LAMINAR FLOW-

0.1 0.2 0.4 0.6 0.6 I 2 

HEAT CAPACITY FLOW RATE RATIO, H 

Fig. 2. Fully Developed, Tube-side Heat-transfer 
Coefficients, Normalized; Effect of Heat 
Capacity Flow Rate Ratio (K„ = 0) 

0 OA 0.8 1.2 1,6 2.0 

FLUID THERMAL RESISTANCE RATIO, K 

Fig. 3. Fully Developed, Tube-side Heat-
transfer Coefficients, Normalized; 
Effect of Fluid Thermal Resistance 
(K„ = 0) 



' I ' r 
UNIFORM HEAT FLUX-

FORM SURFACE TEMPERATURE 

LAMINAR FLOW 

PLUG FLOW , - -

LAMINAR FLOW 

PLUG FLOW 

Fig. 4 

Fully Developed, Tube-side Heat-transfer 
Coefficients, Normalized; Effect of Wall 
Thermal Resistance (H = 0.5, K = 0.1) 

^ 0 0.2 0.4 0 6 0.8 10 
RELATIVE WALL THERMAL RESISTANCE, Kw 

The results are similar to those found for the plug-flow case, and 
it can be surmised that the general conclusions concerning fully developed, 
plug-flow, heat-transfer coefficients apply to the laminar-flow case also. 
In particular, values of fully developed heat- transfer coefficients (1) can 
be significantly less than those corresponding to the boundary condition of 
uniform wall temperature; (2) depend upon the operating conditions of the 
exchanger as characterized by the parameters H, K, and K^l and (3) are 
influenced most by the heat-capacity flow-rate ratio H, especially when it 
is less than unity. For the plug-flow case, it was demonstrated that the 
heat-transfer coefficient can never be larger than the corresponding 
uniform-flux value, and that this value is approached as H, K, and K.̂ „ in­
crease without limit. The graphs suggest that this general result applies 
to the laminar-flow case also, although further analysis and/or computation 
is required for verification. 

Table III shows that over the range of the parameters explored, 
the fully developed, narrow, annular-space Nusselt numbers vary 
only slightly. The corresponding uniform-flux value pertains to laminar 
flow through infinitely wide, parallel planes with one side insulated and is 
equal to 5.39.(^'^) The values presented in Table III a re all near this value, 
and are larger only when they are indicated as uncertain. The parameters 
H and K have been defined relative to the tube side of the exchanger. But 
these parameters can also be defined relative to the annular space side of 
the exchanger, in which case values of H and K as listed in Table III 
would simply be inverted. Thus, a value for H of 0.1, defined relative to 
the tube side of the exchanger, would be equivalent to a value of 10, when 
defined relative to the annulus side. With this interpretation, the general 
conclusions concerning the effect of the exchanger operating conditions also 
apply to the results obtained for the annular space in that large values of 
H and K result in fully developed heat- transfer coefficients close to, but 
never larger than, the value corresponding to the boundary condition of uni­
form flux. 
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Fully Developed Effectiveness Coefficients 

Figures 5 and 6 are graphs of the fully developed effectiveness 
coefficient 0(oo) as a function of the parameters H, K, and K^- Clearly, 
0(00) is significantly less than unity within regions of practical interest, 
suggesting that it could be an important quantity for heat-exchanger design. 
To i l lustrate the significance of this quantity, a calculation was made to 
predict the required length of cocurrent, laminar-flow, double-pipe heat 
exchanger to obtain a desired heat-exchanger effectiveness of 0.6. The 
parameter H was taken as unity, K as 0.1, and K^ as zero. The results 
obtained by use of the customary design equation [equation (31)] with Nu" 
computed from fully developed, uniform surface-temperature, heat- transfer 
coefficients, were compared with those obtained using equation (54). It was 
found that 0(z) = 0(oo) (i.e., the heat transfer is fully developed), and that the 
customary design equation predicted a length 52% longer than required. For 
H = 0.5, the e r ror increased to 145%; for H = 2, the er ror decreased to 
34%. For Nu^ based on fully developed, uniform heat-flux, heat-transfer 
coefficients, the e r r o r s v/ere roughly halved; with Nuj taken equal to 
Nui('») - i.e., based on the actual, fully developed, overall, heat-transfer co­
efficients - the e r r o r s increased to 230% for H = 0.5, 75% for H = l ,and 42% 
for H = 2. For an effectiveness of 0.8, however, the e r ro r s in the customary 
design equation were nearly negligible, except when using Nu° = Nui(aj), 
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iZ 0.6 
UJ 
0 
0 

w ^^ 
UJ 

z UJ 

> K 0.2 
( J 
LU 
l i . 
U. 

' 
-
— 

— 

—y^ 

1 

1 

°^'3-r 
^ ^ K " 1 

/ ^ K - O S ^ ^ - - ^ 

X ^ ^ ^ K = 0.1 
^ ^ ^ ^ ^ ' 0 . 0 1 

1 

-
— 

— 
_ 
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— 

0.1 0,2 0.4 0,6 0,8 I 

HEAT CAPACITY FLOW RATE RATIO, 

0 0.1 0.2 

RELATIVE WALL THERMAL RESISTANCE, Kw 

Fig, 5, Effect of Operating Condi­
tions on Fully Developed 
Effectiveness Coefficient 
(Kw = 0) 

Fig, 6, Effect of Wall Thermal 
Resistance on Fully 
Developed Effective­
ness Coefficient 
(H = 0,5, K = 0.1) 

The effectiveness coefficient accounts for the high rates of heat 
transfer occurring in the thermal-entrance region of the exchanger. The 
customary design equation does not account for these high rates except, 
perhaps, by use of a suitably increased, average, overall heat-transfer 
coefficient. Thus, resul ts using the design equation are best when Nui is 
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calculated from fully developed, uniform-flux, heat - t ransfer coefficients, 
since this basis for the calculation gives the largest value of Nu° consistent 
with the design-equation assumption that it be independent of exchanger 
length. 

The results suggest that for sufficiently small values of the heat-
exchanger effectiveness (say less than 0.8), accurate design of laminar-
flow heat exchangers can not be based on the customary design equation, 
even when the heat transfer is fully developed. The use of the effectiveness 
coefficient and equations (54) for cocurrent flow offers a possible alternate 
method of calculation, but is complicated by the dependence of 0(co) and 
Nui (oo) on the exchanger operating conditions. Future study appears 
warranted. 
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VIII. SUMMARY 

It has been shown that the Graetz Problem pertaining to the 
cocurrent-flow, double-pipe, heat exchanger can be studied analytically 
by extensions of familiar mathematical techniques. When these tech­
niques were applied to the corresponding plug-flow problem, the analyti­
cal solution obtained agrees with a solution obtained previously by 
Laplace t ransform methods. When the techniques were applied to the 
laminar-flow problem, a well-known approximation method was used to 
obtain numerical resul ts of interest with moderate success. 

Future work on the heat-exchanger Graetz Problem will explore 
use of a precision electronic-analog computer to extend the resul ts r e ­
ported here . 



A P P E N D I X A 

A F o r m a l A l g e b r a i c Solut ion for the L a m i n a r - f l o w E i g e n f u n c t i o n s 

To s impl i fy the n o m e n c l a t u r e some^vhat , the p lug- f low e igenfunct ions 
a s given by equat ion (60) a r e r e p r e s e n t e d by 

Un(x) = -a37n sin(cD7n)Jo(7^x) 

for r eg ion 1, and 

Vn(x) = K7nJ i (7n)cos(uJ7nx) 

for r eg ion 2, w h e r e 7n r e p r e s e n t s the e i g e n v a l u e s g iven by the n o n z e r o 
r o o t s of equat ion (59) with 7 r e p l a c i n g X, and n = 1, 2, 3 , . . . . To c o m ­
ple te the set of func t ions , the def ini t ion Uj = VQ = 1 m u s t be inc luded . 

The e igenfunct ions of the l a m i n a r - f l o w p r o b l e m , Ejn and E2n, a r e 
r e p r e s e n t e d by the e x p a n s i o n s of equa t ions (44) w r i t t e n a s 

CO 

Ein(x) = 2 , anjUj(x), ( A - l a ) 
j=» 

and 

E2n(x) = 2^ anjVj(x), (A- lb ) 
j=0 

These r e l a t i o n s sa t is fy the bounda ry condi t ions of the l a m i n a r - f l o w , " two-
r eg ion , " S t u r m - L i o u v i l l e P r o b l e m . When t h e s e e x p a n s i o n s a r e subs t i t u t ed 
into d i f fe ren t ia l equa t ions (33), and u s e is m a d e of the r e l a t i o n s 

' d , ,, 2 
J J 

a n d 

dVj 
^ _ 2 2 

- -CD 7 . v . , 
dx2 ' j J 

the following equa t ions r e s u l t : 

CO 

I anj[g,(x)X^ . 7 j ]uj(x) = 0, (A.2a) 



and 

oo 

Z ^nj[g2(x)X^ -'VjJ^jf^) = °' (A-2b) 

with 7o = 0 by definition. Equation (A-2a) is now multiplied by 2xU[̂ , and 
equation (A-2b) by Hvk. The resul ts a re added and integrated between 
X = 0 and x = 1, making use of the orthogonality condition of equation (42). 
The following equation resu l t s : 

00 

^ S ^njPkj = 7f,ankN^°) , (A-3) 

k = 0, 1, 2, 3, 

where 

Pkj - / (2xg,ui^Uj -I-Hg2vkvj)dx (A-4) 

^Jk' 

and 

N [ ° ) = I (2xuf, + Hv^dx. (A-5) 
•^0 

Note that P^o = 1 -̂  H. For this system of homogeneous equations to have 
nonzero solutions for the anî ;, the Xn must be chosen so that the coefficient 
determinant is zero . Since the determinant is of infinite order, setting it 
equal to zero will in principle determine an infinite set of values of Xn 
corresponding to the eigenvalue equation for the laminar flow problem. 
For each Xn, there is a corresponding solution of equations (A-3) which 
determines the ank> k = 0, 1, 2, . . . . Since the system is homogeneous, 
one of the ank ean be chosen arb i t rar i ly . Thus, in a formal way, equa­
tions (A-1), together with equation (A-3), represent an exact algebraic 
solution for the laminar-flow eigenfunctions, provided no difficulties are 
associated with the convergence of equations (A-l) and of the infinite 
determinant. 

Successful use of the algebraic solution as a basis for numerical 
calculations depends on proper convergence, and as a resul t can also serve 
as a direct test of convergence. Thus, as an approximation, equations (A-l) 
a re applied by using only the first 1 + r t e rms , i.e., j = 0, 1, 2, . . . , r, 
and the behavior of the resul ts is studied as r is increased successively. 
The resul ts of this type of study are described in Appendix C. 



A P P E N D I X B 

A V a r i a t i o n a l A p p r o a c h 

F u r t h e r conf idence in the a p p r o x i m a t i o n b a s e d on the u s e of t r u n c a t e d 
f o r m s of equa t ions ( A - l ) can be ob ta ined a n a l y t i c a l l y by showing t h a t the 
app l i ca t ion of equa t ions ( A - l ) to the e q u i v a l e n t v a r i a t i o n a l f o r m u l a t i o n of the 
t w o - r e g i o n S t u r m - L i o u v i l l e P r o b l e m a l s o r e s u l t s in equa t ion (A-3) . This 
wi l l now be d e m o n s t r a t e d . 

To obtain the v a r i a t i o n a l equ iva l en t of equa t i ons (33) to (36), a r b i ­
t r a r y v a r i a t i o n s of the funct ions E ,n and Ejn a r e c o n s i d e r e d . F i r s t , 
equat ion (33a) i s m u l t i p l i e d by an a r b i t r a r y v a r i a t i o n of E m , deno ted 
by 6E,n , 

Then, the following r e l a t i o n is u s e d and m u l t i p l i e d by xdx: 

(6E,n)(E,n) = y &E\n. 

The r e s u l t i s i n t e g r a t e d be tween x = 0 and x = 1, and the fol lowing is 
obtained; 

J.» x = i 

6Eind(xEln) + 6 ^ J xgiEindxJ= 0. (B-1) 

The f i r s t i n t eg ra l on the left i s i n t e g r a t e d by p a r t s and m a n i p u l a t e d as 
follows: 

/>X=1 

>'x=o 
i d (6E , xEln 

x=o 

/. X = l 

= E l n ( l ) 6 E i n ( l ) - I x EJn 
•̂  x=o 

= E l n ( l ) 6 E , n ( l ) - / x E l n 6 ( E l n ) d x 
•Jo 

(dEm) 

E l n ( l ) 6 E , n ( l ) - 6 j j X (Eln)̂ dxJ. 

T h u s , equat ion (B-1) can be w r i t t e n a s 
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Eln(l)6Ein(l) + &\j j [^^giE^n " (Eln)^]xdxj = 0. (B-2) 

In a similar manner, the variational equivalent of equation (33b), 

Ein(l)6E2n(l) + 6|-i-J pX^g2E^n " (E2n)']dx| = 0, (B-3) 

is obtained. Now, from the coupling boundary conditions, equations (35) and 
(36), 

6E2n(l) = 6Ein(l) + K^6Eln(l) , 

and 

Ein(l)6E2n(l) = -KEln(l) [6Ein(l) + Kw6Eln(l) ] 

= -KEln(l)6Ein(l) " ^ ^Kw^ [Eln( l ) ] ' . (B-4) 

Combining equations (B-3) and (B-4) and using o)̂  = l /2 KH result in the 
following variational formulation of the two-region Sturm-Liouville 
Problem: 

6 j {•^[2xgiE^n + Hg2Ein] - [x(Eln)' + ^ ( E i n ) ' + Kw(EIn(1)']}dx = 0. 

(B-5) 

Equation (B-5) can be used as a basis for an approximation technique 
by choosing functional forms for the Ejn and E2n involving arbi t rary con­
stants, as is done with the Rayleigh-Ritz method. "Best" values of the co­
efficients, as well as the Xn, result from minimizing (or maximizing) the 
integral. For the application of interest here , equation (A-l) are chosen as 
the approximating functional forms. 

The nomenclature is first simplified somewhat by dropping the 
subscript "n" and defining 

I = j [2xgiE^ + Hg2E^]dx, 

and 
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J = J [X(E;)^ + ̂  (Ei)^]dx. 

Thus equat ion (B-5) can be w r i t t e n a s 

6 | - ^ I - J - K w [ E l ( l ) p } = 0, 

and wi th equa t ions ( A - l ) u s e d to r e p r e s e n t Ej and E2, the m i n i m i z a t i o n 
r e q u i r e s that 

5 | ; { | l - J - K w [ E i ( l ) ] ] = 0 , (B-6) 

for k = 0, 1, 2 

F r o m equa t ions ( A - l ) , it i s no ted tha t 

El = Z ajakUjUj^, 
j , k 

and 

E2 = Z . aja^VjVk, 
j . k 

w h e r e the j , k no ta t ion u n d e r the s u m m a t i o n s ign m e a n s s u m m a t i o n of a l l 
p o s s i b l e p r o d u c t s wi th j = 0, 1 , 2 , . . . , and k = 0, 1, 2, . . . . Then, us ing 
Pjk as defined by equat ion (A-4) r e s u l t s in 

I = Y a jakPjk . 
j . k 

S i m i l a r l y , 

But 

^ = ^ ^j^k j [xu-uk + ^ v j v j d x . 
J.k '^0 ^ i^ J J 

j h " k + ^ v ^ v j d x = f xujduk ^ k T ' v jdvk 
x=o -'x=o 
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(using u|^dx = duj^, e t c . ) , 

= " j ( l ) u k ( l ) + 3 ^ v ; ( l ) v k ( l ) - f Ukd(xu!) - ^ [ ' ^ ' v k d v ! 
•'x=o >'x=o 

( i n t eg ra t i on by p a r t s , wi th vi<.(0) = 0) 

= Uj(l)[^uk(l) - vk(l)J + - ^ f [2xukUj + HvkVjldx 

(using Kuj( l ) + v j ( l ) = 0, d(xuj) = -7jUjxdxi, e tc . ) 

= -KwUj(l)ui^(l) + - J - J (2xui^Uj + Hvi^Vj)dx 

(using KwuJ^(l) + u k ( l ) - Vk(l) = 0) 

= -K^uj(l)ui,(l), j / k 

(using the o r thogona l i t y cond i t ions for the u; and v-) 

= -Kw[uk( 1 ) ^ + ^ 4 ° ) . J=k, 

w h e r e Nj^ ' i s g iven by equa t ion (A-5) . Thus , 

J = I 4 J 4 ° ^ - Kw Z a jaku l ( l )u i , ( l ) 
k=o j , k 

= I a f , ^ N ( ° ) - K 4 E l ( l ) ] ^ 
k=o 

and t o g e t h e r wi th the e x p r e s s i o n d e r i v e d for I, equat ion (B-6) can be w r i t t e n a s 

a r - f f I a^akP^k - I a f , | N i ° ) } = X̂  g a j P j , - a k 7 L 4 ° ) = 0, 
k I- j_k k=o -^ j=o 

which is the s a m e a s equa t ion (A-3) . 
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N u m e r i c a l Solu t ions of Equa t ion (A-3) 

The infinite se t of s i m u l t a n e o u s l i n e a r a l g e b r a i c equa t i ons r e p r e ­
sen ted by equat ion (A-3) can be c o m p a c t l y e x p r e s s e d in m a t r i x no ta t ion by 
defining the m a t r i c e s 

P= [Pkj] 
( C - 1 ) 

A= [6^i^^^yU: (c-2) 

x = Kij. (-^) 
w h e r e 6j^; is the K r o n e c k e r de l ta defined by 

6kj = 1, k = j ; 

5kj = 0, k / j . 

P and A a r e s y m m e t r i c s q u a r e m a t r i c e s of infini te o r d e r ; A i s pos i t i ve , 
definite and d iagonal ; X is an infinite c o l u m n m a t r i x or v e c t o r . The 
equiva lent of equat ion (A-3) can now be w r i t t e n a s 

X' P X = A X , (C-4) 

wi th the c h a r a c t e r i s t i c equat ion 

|X' P - A I = 0 

de t e rmin ing the e igenva lues \ n -

If equa t ions ( A - l ) a r e t r u n c a t e d at j = r , the m a t r i c e s of equat ion (C-4) 
a r e of finite o r d e r , 1 + r . P r o v e n c o m p u t e r p r o g r a m s a r e ava i l ab l e for the 
solut ion of equat ion (C-4) in th is finite f o r m , and thus th i s p a r t of the 
n u m e r i c a l solut ion invo lves no s p e c i a l p r o b l e m s . C o m p u t a t i o n s of the 
m a t r i x e l e m e n t s , h o w e v e r , r e q u i r e n u m e r a l so lu t ions of equa t ion (59) for 
the 7]^, and n u m e r a l i n t e g r a t i o n s of equa t ion (A-4) , and the ques t i on of the 
a c c u r a c y r e q u i r e d for t h e s e quan t i t i e s b e c o m e s i m p o r t a n t . S e v e r a l t e s t 
computa t ions w e r e m a d e wi th r as l a r g e as 16. All c o m p u t a t i o n s r e p o r t e d 
in Tab les I, II, and III u s e d r = 9 or l a r g e r . It w a s found tha t the v a r i o u s 
quan t i t i e s computed f r o m the so lu t ion of equa t ion (C-4) would , in m o s t 
c a s e s , converge qui te r ap id ly up to r b e t w e e n 3 and 6, and then o s c i l l a t e . 
A typ ica l c a s e is shown in F i g u r e 7, w h e r e the c o m p u t e d va lue of Nu2(co) 
i s plot ted aga ins t r for H = 1, K = 1, and Kw = 0. F o r the c a s e s e x p l o r e d , 
the computa t ion of Nu2(<») w a s a lways the m o s t s e n s i t i v e , whi le compu ta t ions 
of the Xn w e r e the l e a s t s e n s i t i v e . The i m p o r t a n t ques t i on is w h e t h e r the 
osc i l l a t ions a r e c a u s e d by s m a l l i n a c c u r a c i e s in the m a t r i x e l e m e n t s , or 
a r e c h a r a c t e r i s t i c of the p r o c e d u r e when app l i ed to " l a r g e p e r t u r b a t i o n s . " 
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Fig. 7. Successive Approximations 
forNu2(cc), (H= 1,K= l,Kw = 0) 

The matr ix elements were 
computed to five significant digits 
after the decimal point, with un­
certainty in the last one or two digits. 
Improvements in the accuracy of the 
mat r ix elements, while the same 
number of significant figures was 
maintained, did not remove the oscil­
lations. Small differences in some 
of the computed quantities were 
noticed, however, suggesting that 
further improvements in accuracy 
might be helpful. 

It was noted that the occur­
rence of oscillations could be roughly 

correlated with the occurrence of off-diagonal elements of P becoming 
larger than diagonal elements in the same column. This suggests that the 
oscillations could be character is t ic of the procedure when applied to "large 
perturbations" (i.e., when 1 - gi is not sufficiently small) since Pj^j = 0 
and Pkk = NJ;°̂  when gi = 1. It was also noted, as illustrated in Figure 7, 
that the oscillations appeared to be relatively uniform, whereas if small 
numerical inaccuracies were the cause, a more random behavior might 
be expected. 

It was concluded that further study is required before the cause of 
the oscillations can be definitely determined, and that, whatever the cause, 
significant increases in computing time would be necessary to improve the 
accuracy of the resul t s . Each case (H, K, Kw) with r = 9 required 10 min­
utes of IBM-704 machine t ime; for r = 16, nearly one half hour was nec­
essary . Since resul ts for at least 25 different cases are desired, the total 
machine time expenditure would be quite large. Thus, other methods of 
computation are being explored for future extensions of the problem. 
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